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Abstract

‘We prove that the space of smooth initial data and the space of smooth solutions to the Liouville
equation are homeomorphic. © 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction

The purpose of this paper is to prove the theorem that the space M of smooth, C*®°(R?),
solutions to the Liouville equation [1]:

2
(0 — 31)F (1, x) + '%exp F(t,x)=0, m>0

with the topology of almost uniform convergence with all derivatives is homeomorphic to
the space C*°(R) x C*(R) of smooth initial data.

The existence of such homeomorphism guarantees the stability of solutions of the Liou-
ville equation with respect to the perturbation of initial data, i.e., if a series of smooth initial
data converges almost uniformly with all its derivatives to ( f1, f2) € C*(R) x C*°(R), then
the series of corresponding solutions to the Liouville equation converges almost uniformly
with all its derivatives to the solution corresponding to the initial data ( fi, f2).
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The proof of the theorem consists of two parts which are presented in Sections 2 and
3. In Section 2 we quote some results of Jorjadze et al. [2] concerning the solution of
the Cauchy problem for the Liouville equation and we prove these results. We present the
construction of the smooth solution F to the Liouville equation for given initial data. For
given f1, fo € C®(R) we introduce the functions u, w € C*(R) defined by (11) and
(12). Then, we consider the bases of solutions to the linear equations: g = ug; (i = 2, 4),
Eq. (13), and g.;.’ =wg; (j =1,3),Eq. (14). We use g1, g2, g3 and g4 to define the map
G € C*®(R?), Eq. (10). Finally, we get the solution to the Liouville equation in the form
F := —log[(m?/16)G?], Eq. (15). The main result of Section 2 is Proposition 1 giving
explicitly the relation between fi, f> € C*°(R) and F € M. In Section 3 we introduce
a few mappings between some subspaces of C*(RY, R"), e.g., the function u given by
(11) defines the mapping (30) A : C®¥(R)? 3 (f1, /) — A(f1, f) = u € C*(R).
Similarly, we define another mappings: B, C, ..., Z given by (31), (32), .. ., (38). Next we
prove that each of these mappings is continuous. The bijection Z : C®(R)? 3 (fi, f>) —
I(f1, f2) = F € M is continuous as the composition of continuous maps. The continuity
of the inverse mapping I~ : M — C°(R)? is immediate. This completes the proof.

Let us introduce the notation and let us recall some results concerning smooth mappings
to make the paper self-contained:

From now on, N := {0, 1, ...} and N* := N\ {0}. In R, where N € N*, we use the
norm

172

N
- ERY sy >y = DY 0] eRr
j=I

RM = (J2, KM, where K, = [~a,0] and o, M € N¥; 8F = 37" . /> ... 900
B:= (BB ....Bm) where B e Nk =1,2,...,M),| B |:= L, B;. C°(RM RV,
where M, N € N*, denotes the space of all smooth mappings R¥ — R" with the topology
of almost uniform convergence with all derivatives, i.e., the topology of C**(R™, RV) is
defined by the family of seminorms pgl N where

pa : CRM RY) 5 f — pitV ()= sup 11 3° NHw) e R,
xekM

and where B € N o € NX.

We say that the sequence (f,)7- , of elements of C *(RM, RV) converges to f € C®
®", RV)iff (@, B) € N* x N¥ - lim, . 0 pyg" (f — fa) = 0. The space C*®Y, R")
is a complete topological vector space, which in particular means that the operation of
multiplication by a scalar

CRxCPRY Ry s (A, f) > A f € CPRY,RY),
and the operation of vector addition
+:CPMRM, R x C®RM,RY) > (f.g) > f+g € CPRM RY)

are continuous. C*°(R™ | R") is an example of a Fréchet space.
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In what follows C*®°(R¥) := C®°(RM, R); small latin letters denote maps R — R, i.e.,
g h,...e CR); R2 - R maps are denoted by capital latin letters, ie., F, G, H, ... €
C*°(R?); R — R? maps are denoted by capital greek letters, i.e., d, ¥, £2, ... € C®(R, R?).

We denote pag = Py Tap ‘= Pag» dap = Pl fOr B = (B1, B2); & = 81,8 = &,
0 := 3% — 32, for (¢, x) € R%.

There are two subspaces of C*°(R?) which are of primary importance in our considera-
tions:

CP(R?) := {F € C®(R?) : F(R?) <0, oo}
and

M :=(F € C®°[R?) : OF + (m?/2)exp F = 0},

where m > 0 is a fixed real number.
The topologies on Cj’_"(IRz) and M are induced topologies from C*°(R?). It means that
a sequence (F,)52, of elements from C° (R?) (or M) converges to F € Ci°(IR2) (or

F € M), iff it converges to F in C*°(R?).
In the space of all linear mappings R2 — R? we use the norm

I-1: BR? > A~ All:= sup || Ax) lle R.

flxfi=1

2. Smooth solutions of the Liouville equation

We examine properties of a smooth solution to the Liouville equation, i.e., of class
C®(®), where RZ D O is an open subset different to @. However, all proofs can be easily
modified to include the solutions of class C¥(R?), for k > 2.

Lemma 1. Ler g; € C*(R) (i = 1,2, 3, 4) are such that

g183— 818 =1, g8, — g8 =1 (1)
and let

G:R*>(t,x) > G(t,x) :=g1(x +Dga(x — 1) + g3(x + galx — 1) € R.
Then we have

(G7H0) £ 0) = (G 0)N{(0,x) e R? : x € R} # 0).

Proof. Let§ :=x +1t, n:=x —t. Making use of

(G (10, x0) = 0) <= (81(60)82(0) = —g3(60)84(n0)) 2

we see that the condition

G (1o, x0) = 0, (3:G) (10, x0) = (0, G) (10, x0)



K. Bragiel, W. Piechocki/Journal of Geometry and Physics 32 (2000) 252-268 255

leads to

£1(60)g2(10) + g3(60)g4(no) = 0.

Multiplying this equation by g2(n¢) and using (1) gives g3(&p) = 0. Similarly, multiplying
by g4(no) leads to g{(§p) = 0. Thus, we have

(G(to, x0) =0
(9;G) (10, x0) = (8xG) (10, x0)

contrary to (1). In the same manner we can see that

( G(tg, x9) =0
(3, G) (20, x0) = —(8xG) (2o, X0)

which again contradicts (1). Therefore, we have
((t0. X0) € G~1(0)) = ((3,G)(t0, x0) # £(3:G)(to, x0)). (3)

The condition (9, G)(#y, xg) = 0 means that

) = (g1(t0, x0) = 0 = g3(%), x0)),

) = (g2(20, xp) = 0 = ga(to, x0)).

0 = g,(&0)g2(n0) + g1(£0)85(M0) + 85(50)84(10) + g3(&0) g4 (M0). (4)
Multiplying (4) by g1(50)g4(n0) and using (2) gives

21(60)” + ga(no)* = 0. (5)
Similarly, multiplying (4) by g3(§0)g2(170) and using (2) leads to

g3(£0)” + g2(n0)* = 0. (6)

Since (5) and (6) contradict (1), we conclude that
((to, x0) € G™H(0)) = ((8: G) (1o, x0) # 0), (7)

which means that either G~!(0) = @ or G~!(0) is a one-dimensional C* submanifold of
R?. Suppose that G~1(0) # # and let us denote by M the connected component of G~ (0).
By (3) we have that M cannot be a compact subset of R2. Since M is closed in R2, it
cannot be bounded in R?. From (7) we conclude that M can be parametrized by ¢ € R. Let
w:R%5 (t,x) > m(t,x) ;=1 € R. Since M is closed, 7 (M) C R is closed in R. Hence
# # m(M) C R is both closed and open (homeomorphic to R). Therefore 7 (M) = R.
Finally, we obtain

Gl'ON{0,x)eR’:xeR}#£0. DO

By [1] we get the following lemma.

Lemma 2. Let B2 D O be an open subset and let
Or:={x+1)eR:(t,x) € O}, O ={x—-t)eR:(t,x) e O}

Suppose F € C*(Q0), then the following are equivalent:
1. OF = —(m?/2)exp F.
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2. There exist g1, g3 € C®(01) and g2, g4 € C*(02) satisfying g185 — g183 = 1 and
828, — 8,84 = —lsuchthat F : O 3 (t,x) - F(t,x) := —log(m?/16)[g (x +
Nga(x — 1) + g3(x + Ngalx —N)* € R.

Lemmas 1 and 2 lead to the following corollary.

Corollary 1. IfIR2 2 O is an open set such that {(0,x) € RZ:x e R C Oand
F € C®(0) satisfies the Liouville equation OF = —(m?/2)exp F, then there exists
F € C®(R?) such that OF = —(m*/2)exp F and F|,, = F.

Proposition 1. Suppose f1, f2, 81, g2, 83, 84 € CP°(R) and let

8183 —g1g3 =1, (8)
8284 — 8284 = -1, ©
G:R*>> t,x) > G(t,x) =gix +Hgix— 1)+ ga(x + )ga(x — 1) € R, (10)
1 .
wi= —[(f{ = f2)° —4(f] = p) +m*exp fil, an
1
wi= S l(ff + f2)° —4(f{ + f2) + mP exp fil (12)
Then
1. If g1, ..., 84 satisfy the equations
g =ug fori =24 (13)
and
g/ =wg; forj=1,3, (14)
then the map
m2
F:R’>(1,x) > F(t,x) ;== —log RGz(t,x) eR (15)
is a solution of the Liouville equation with the initial data
2. A solution of the Liouville equation satisfying (16) is given by (15), where g1, ..., g4
satisfy (13) and (14).
Proof.

(1) Suppose g1, g3 and g1, g3 satisfy (8) and (14). Hence there exists

ab
(e d) e SL(2,R)

such that g; = ag; + bgs and g3 = cg; + dg3. Such an exchange of functions
corresponds to the Bianchi transformation [1] and does not change the form of solution
(15). If g7 and g4 satisfy (9) and (13), then the functions [1]
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4 1 1,
=——expl—— L+ S (f] — , 17
8 - P( 2fl) [84 4(f1 f2)g4] (

4 1 L
83 = - €xp (“§f1> |:g/2+z(f1 —fz)gz] (18)

satisfy (8) and (14). In what follows we assume that the general form of g| and g3 are
given by (17) and (18). One can easily check that for G defined by (10) we have

VxeR:GO,x)= %exp (——%fl(x)) > 0. (19)

By Lemma 1 we have that F' given by (15) is well defined on R? (F € C*(R?)) and
satisfies (16).

(2) We have shown that there exists F € C*°(R?) satisfying (16). By Lemma 2, F is of the
form (15) for g1, .. ., g4 € C*™(R) satistying (8) and (9). Now, we shall show (see [1])
that g1, ..., g4 can be a solution of (13) and (14) with « and w given by (11) and (12).

We define

R:Roax—>RX):=G0,x)eR
and
h:iR3x > h(x) := gl (x)gh(x) + g5(x)gs(x) € R.

One has R'/R = —%fl’ and

2 4
f=@F0,) = ® "~ 2(g1g2 +8384) = —f| — g(g’lgz + 8384)
2 ! ! / / 4 14 /
= §(2(g1g2 +8384) —R) = fi + §(glgz + 8384)
which leads to

Y+ PR =—glg — 818, (20)
T — PR =185 + 8385 1)

Suppose now that g; and g3 satisfy (13), and g2 and g4 satisfy (14) for some u, w € C*(R).
Taking derivative of (20) yields

A+ AR+ A+ R = —wk 1. (22)
By analogy, we get from (21):
Wh =AY R+ 5h— IR =uk + 1. (23)

By direct calculations, we get

(8,2F)(0, )= %fzz + 42 —2(u+w) (24)
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Since (BEF)(O, ) = f{, we get

Y 2 R
" 2 [ = 2
h o .

(25)

The map F satisfies the Liouville equation OF = —(m?%/2) exp F on R2. By (24) and (25),

for (0, x) € R? we get

1 A R N\*  m?
5f22+4§—2(u+w)+2§——2<§> =—7expf1.

Since

2R7/R =2(u +w)+4h/R and R/R)? = (1/4)(f))°*

Eq. (26) leads to

h 1
8= el = D+ f)) —mPexp fil
By (27) and (22) we get

1 !/ 1 ! ! 2
W= (f = )P = (i = F) + To e fi.

Similarly, (27) and (23) give

1 / 2 1 ’ ’ m2
M=R(f|+f2) _Z(fl+f2) + —exp f1. o

16

3. Homeomorphism of the space of initial data and the space of solutions

We define the following mappings:
A COP®R)? 3 (fi, f2) — Afi, f2) i=u € CO(R),

where u is given by (11).
B:C®(R) 3 u — Bu) := (g2, 84) € C®(R)?,

where g> and g4 are defined by

gé/ =ugm, gz(O) =0, g/2(0) =1 and g"{ = ugs, g4(0) =1, g:t(o) =0.

Remark 1. Maps g; and g4 satisfy (9).

C:C¥MR)* 3 (fi, f2, 82, 84) —> C(f1, f2, 82, 82) = (81, g3) € CP®(R)?

(26)

27

(28)

(29)

(30)

€19

(32)
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where gy and g3 are given by (17) and (18).

D:C*®R)’ 3 (fi, /) — D(fi, f) = (fi. fr. fi. f) € COR)*,

E:CPRY) 56 — £G) = ';'—6262 € C®(RY,

F:CP(RY 3 H— F(H) := —logH € C*(R%),

G:COMR)* 3 (21,83, 82, 84) — G(g1, 83 82. 84) 1= G € C(RY),
where G is defined by (10).

H:=E0Go(C xidr)ol(idy x D)o (idy x B) o (id» x A) o D,

where id) ‘= idex gy
Remark 2.

H:C¥R)? 5 (fi, f) — H(fi, f2) = ’"7203 € CRY).
By Lemma 1 we have the following corollary.

Corollary 2.
HIC®®?) € CP W)
Let
IT:=FoH.
By Proposition 1 we get the following corollary.

Corollary 3. 7 : C®(R)?> —> M is a bijection.

Now comes the main theorem.

Theorem 1. The mapping T : C*°(R)> —> M defined by (38) is a homeomorphism.

Before we give the proof, let us give a few lemmas.
We define some auxiliary maps and sets.
For B € N*:

B
R(B) := aeNﬂ:Zjajzﬂ ,

j=1

'
Pg : R(B)sa— Pgla) = ——-—p; e N,

7, GY%ay!
B
lg : R(P)>a— lgla) = Zaj e N.
j=1

259

(38)



260 K. Bragiel, W. Piechocki/Journal of Geometry and Physics 32 (2000) 252~268

For (A, u) e N* x N:

A A
R, ) = aeNA"'l:Zjaj:A,Zaj:p, ,
j=1 j=0
u! Al
Wit R, n)ysa— W ,(a): —;———GN
0 [Tj= D% a;!
ci=(l ..., cfext IR(A,,,U,,)

T, p = aeNk:Zaj=/J, ,
j=l1
u!

N, T, N, =
At A u)ysa— X,u(a) l-[])f:l a]‘

e N.
Lemma 3. Let R 2 Oy and R? D O, be some open sets,
heC®(0)), JeC®0Oy) and VYi,x)eOy:1+ J(t, x) > 0.

Then

8
L.VBeN 8% exph=| 3" Pa@)[J@ % | exph.
agR(B) Jj=1
2. VB eN*Vie{l,2):

’ o @ = 1! e
8 log(1 + J) = ae%(jﬂ)( D @ Pﬂ(a)l_[w 7)

3. VB, y e N : 9788 log(1 + J) =

lg(a) +1,(b) — 1)!
- Y (=1 g+, b) U8 v Pa(@)P. (b
be;(y)ae%('ﬂ)( ) A+ Dp@,m #@Py®)

B v X
xnl—[(aljl)aj(agj)bk_ Z Z (_l)lﬂ(a)w

lg(a@)
Jj=lk=1 aeR(ﬂ) beT (B,y) 1+ J)*

x Pg@a)Npy ) Y ]—[kaak(c")]"[(afa21)f

cex?  Rbi.ak=!

Remark 3. One knows that

lxeNk:ﬁx,:N]

j=1

VYN € NVk e N* ;

_(N+k-—1
=(", 2 )
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Thus

B
VB e NX :|R(ﬂ)152(ﬂ:f1_1)=(52f1) IS

j=1

Therefore, all sums in Lemma 3 are finite.
We skip a simple but lengthy proof of the Lemma 3.

Lemma 4. Let (X,dx), (Z,dz) be some metric spaces and let (Y, py) be a semimetric
space. If X D K is compactand Q : K x Y — Z is a continuous map, then

Ve >0VypeY 35 >0:
(ye K(y0,8)) = Vx € K:dz(Q(x,y), Qx, y0)) < €).

Proof of this lemma results from the proof of Maurin (3, Lemma IX.3.1].

Proof of Theorem 1.

Step 1. Let (f,)32, and (gn)5, be two sequences convergent in C*°(R) to f and g,

respectively. Then,

V(,v) e N* x N3c,, € RVn e N: puu(f) < cpuv-

Let us fix ¢, for (u, v) € N* x N (e.g., ¢;p 1= inf{Cyp € R:Vn € N pu(fu) < cuu})
and denote

M, :=max{<5)cay:ye{O,l,...,ﬂ}],

My = max[(i)pa(y—ﬂ)(g) 1y €10, 1“-"13}]’
Mgg := max{M;, M>}.

Then,

paﬂ(fngn - fg)

B
= Z (ﬂ ) Pay(fn)Pa(ﬂ-—y)(gn -g)
y=0 Y
° (8
+ Z ()’ ) Pay(fn - f)Pa(ﬁ—y)(g)
y=0

B
< Map Y (Patp—y)(8n — 8) + Pay (fu = ) 75 0,
y=0
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which means that the mapping
C®®’ 3 (f,8) > fg € C(R)

is continuous.
Define h,, := f, — f forn € N. We have ef —efn = ef(l — eh"), thus

B
paﬂ(ef - efn) = Z (fj ) Pay(ef)Pa(ﬂ—y)(l - eh")-

y=0

We get
B
paﬂ(ef - efn) <M Z Pag—p)(1 — eh,,)’
y=0
where
e B .
1= max v Pay(€©’):y €{0,1,..., 8} e R.

For y = B we have

pao(l — ') < epeolb) 1552 0,

Fory > B> 0denote 8 — y := p+ 1 (so p > 0), then

o
Pa(p+1y(1 — eh") = Z (p) Pa(u+l)(hn)Pa(p—u)(eh")-
u=0 H
By Lemma 3 (see 1) we have
IMy € RV € {0, 1,..., p}Vn e N: (Z) Pa(o—p)(€") < Mo,

therefore (39) gives
Y(a, B) 3 N* x N : pegef —e/) 152 0.
Since the map

3:C®°MR) > f —> 3f € C®(R)

(39

is continuous, the mapping A defined by (30) is continuous as the composition of continuous

maps.

Step 2. Suppose u € C*°(R) and (Z) € R2. Thereis one and only one function g € C*®(R)

such that

8" =ug, g(0) =a, g0 =b.

(40)
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Making substitution

l1/:[R35—>l1/(s):=(g,(s))EIR2 (41)
g(s)
in (40) yields

. 0 1 a

w:(u 0>w, w<o>=(b). 2)

Let us denote the solution of (42) by ¥ (-; u) to indicate its dependence on u € C*(R),
and in addition let

1
0

0 0
h 0

A:C®R) > u —> Au) = (2 ) € C®(R, M22(R)),

B:C®R)>h — B(h) = ( ) € C®(R, M2,2(R).)

(In the sequel A(u)(s) := A(u(s)), B(h)(s) := B(h(s)).)
For (a, ) € N* x Nand § > 0 we denote

Sqp(8) :={h € C*R) :Vy € {0, 1, ooy BYpay (h) < 8},
‘We notice that

Y(u, h) € CZ(R) x sq0(1) : sup || A +h)(®) II< 1 + pao(u),

teKy

Vh e C*R): sup || B(h)() ll= pao(h).

teKy

Now, let us fix u € C*(R) and @ € N*, and let us denote
M, =4 + paolu).

Wechoose t €10, 1/(1 + M,)[, N(z) :=min{n € N*:nt > ¢}and K (1) := [-T N (1),
TN(t)].Let N e N* issuchthat N < 1/t < N + 1 and letd := 1/(N + 2). Taking into
account that

t
VieR: V(¢ u)= (Z) + f A (s)H¥ (s: u)ds,
0

we get

Vie[O, 7] W(tu+h) —W(tu) |
<|t|M, sup ||[¥(s;u+h)—¥(s;u)l
sel0,7]

+ 1] sup || B(h(sHW¥(s;uw) | . (43)

seKy
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Let us fix € > 0. Applying Lemma 4 to the map
Qu:Rx CPR) 3 (s,h) —> Quls, h) == B(h(s))¥(s;u) € R,

and (Y, py) = (C*(R), pao) gives

350 > O VA € s40(80) : sup || B(h(s)¥ (s; u) || < edV®),
seK (1)

Making use of this in (43) yields

Vh € s00(0) : sup || W (@t u+h)—W(u) |
te[0,7]

<tM, sup ||W(s;u+h)—-W(s;u) | +ed"®.
s€[0,1]

Since T issuchthat0 <t <1 — 1M, we get

Vh € 500(80): sup || W u+h) — W) < edV.
te[0,1]

Applying previous considerations to the case ¢ € [r, 2t] and making use of

Vh € 500(80) | W (T;u +h) — W (T; u) ||< edV,

one gets

Vh € 520(80) : sup || W(s;u+h)—W¥(s;u) < edV O

s€l1,27]
Repeated application of this procedure to [27, 37], ..., [(N(t) — )T, N(t)7] gives

Vh € 500(80) YN € {1,2, ..., N()} :

sup | W(siu+h)—W(s;u) ||<edVOND
se[(N—-1)t,N1]

Similar reasoning applied to [—7, 0], [-27, —7],...,[-N(7)1, —=(N(tr) — 1)t] enables to
write

Vh € 540(80) : sup || ¥(s;u+h)—W(s;u)l|<e.
seK (1)

Since K, € K(1), we get
Ve > 0380 > 0Vh € 540(80) : rao(W(;u+h) —W(;u)) <e. (44)

Making use of Lemma 4, Eq. (44) and the estimate

Vh € sq0(1) il @) (t5u + h) — @)1 u) ||
SM W@ u+h) —WEu) |+ | B @ w i,
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we get
Ve > 0381 >0Vh €541(81) :roen (¥ (;u+h)y—W(;u)) <e.
Now, let us consider the identity

VB e N* :3P(W(;u+h)—¥(;u)

-1
~1 11—
=2 (’3 ) [AG? @+ m)IP~1 =P (W (s u+ k) = ¥ ()]
p=0 p
P
-y ( ) B@”h)3P 1P (- u). (45)
0
=0
We notice that there are derivatives of order 0, 1, ..., 8 — 1 in the right-hand side of (45).

Using Lemma 4 for the map
Q° R x C®(R) 3 (s, h) —> QF(s,h) := B(8°m)3P~'PwW(s; u) € R?,

where p =0, 1,..., 8 — 1 and where (Y, py) = (C®(R), pq,), we get (by induction)
VB € NVe > 0385 > OVh € 545(8p) i rop(W(uu+h) —¥(;u)) <e.

Since our considerations apply to any « € N* and any u € C*°(R) we obtain that
C®R) 3 u — ¥(;u) € C°R,R? (46)

(where ¥ (-; 1) is a solution of (42)) is a continuous mapping. Taking into account that
V& € C¥(R,R?) V(e B) € N* x N :rgg(P) > pos(P1)

where

P
d(1) =: <<D2(t))

and solving (42) for

(5)=(s)
(5)=()

gives the conclusion that BB, defined by (31), is a continuous mapping.

Step 3. It is clear that both mappings C and D are continuous. The continuity of £ can be
proved by analogy to the case of mapping .A. The continuity of G results from the continuity
of the mapping (c € {—1, 1})

and

w: : C®(R) 3 f —> w.(f) € CP(RY),
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where
wc(f) R 3 (1, %) — 0o (), %) = f(x +cn) R,

The mapping H is continuous since it is a composition of continuous mappings.

Step 4. What is left is to prove that the mapping F is continuous. Suppose (G,).°  is a
sequence of elements of C j’f(Rz) convergentto G € C f(Rz).

Denote H, := G, — G. The sequence (H,)5>, converges to zero in C (R?). Since
vneN:1+ H,/G > 0, we have

G, H,
logG, —logG =log— =1 1+ —1).
g Un g og G og( G)
As H, 7550 0in C®(R?) we have
y H, 1
Vo € N* IN, € RVn > Ny 1 q40,0) G <§.

Since Vx €] — 1/2, oo[:| log(1 4+ x) |< 2| x |, we conclude that Vo € N* IN, ¢ NVn >

Ng:
H, 1
40,0y | log 1+E < 244(0,0) I qu(0,0) (Hp).

Now, suppose | 8 |= B) + B2 > 0 and denote J,, := H,/G for n € N. Since

B B 1
PICINC ) A Z Z (’31 ) (’:;2) (3(}’1,)’2)5) @Pr—r-h—r) gy
1 2

71=0y2=0
we have
B B
Qa8 Un) < Maiprpy D D datyryn (Hn),
r1=01=0
where
. Bi B2 1
Map,.8,) = max{(yl Vs e \g): 0=y =B,0<m=<phy.
Thus, we see that J, 75000 in C®(R2). In particular we have
1
Ve e N IN* eNVn > N*: su —_— | < 2. 47
N (t,x).fxg 1+ J, (6, x) |~ 47

For B € N? let Dg:={(,j)eN?:1<i+j< |81}, dg := | Dgl.
By (47) and Lemma 3 (see 2 and 3) we get that for 8 € N?, || > 1 and @ € N* there
exists a polynomial Qup € Rixi, ..., xdﬂ] such that Qqg(0) =0, deg Qug < |B| and
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AN® e NVn > N% : go(8,.8,) (log(1 + J»))
< Qeg@a1.0)(In)s Ge0.(n)s - - -5 Ga(181.0) (Jn), Ga(0, 180 (In)).

Since J, — 0, it follows that
Vi, B) € N* x N? Ve > 03Ny € NVn > Nyg © quplog(1 4 J,)) < €.

ButGeC f(IR{Z) is an arbitrary function, therefore the mapping F is continuous. Finally,
the mapping Z, defined by (38), is continuous as it is a composition of continuous mappings.
Step 5. It is clear that the mappings

K:C®®R*» 5 F — K(F):= (F(0,"), (3 F)0, ) € C*(R)>
and

S:=K,,
are continuous. Corollary 3 means that

IT-S=idpm and S-I=idexpy

This completes the proof.

4. Concluding remarks

The homeomorphism Z~! : M — C(R)? gives M the structure of a topological
manifold modeled on the Fréchet space C *(R)2.

We hope that making use of the ideas of Kriegl and Michor [4] one can define an infinite
dimensional differential geometry on M and work out some geometrical methods useful
not only in the study of the Liouville field theory but also, after generalization, in the
examination of such important for physicists nonlinear field theories as the general relativity
or the Yang—Mills theories [5].
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